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Classical Boltzmann eq.n for hard spheres

(8t‘|"0‘v:c)f:Q(faf)
Q =/d’01 /Side(w’v_vl)(f/ﬁ — ff1).

B(...) = w-(v—v1); S = {w € S%|w-(v—v1) > 0}
f=rf), f1=f), f = f@),f1=f1)

vVV=v—w-(v—v))w, V] =vitw (v—v)w.



Scaling limits: Low-density

X, T microscopic variables, x,t macroscopic
variables. ¢ a scale parameters (e.g. the
inverse of the n. of Angstrom in a meter).
xr = X, t = 1. Write the fundamental
eg.ns in macro variables. Set N = ¢ 2 (low
density or BG). One particle: binary coll.ns.
n. of coll.ns per unit time is finite.

Boltzmann eq.n for H-S. Lanford '75, Illner-
P. '89



Other scalings

r=¢eX, t = a(l_o‘)T, 1 > a > 0. Write the
fundamental eg.ns in macro variables. Set-
ting N = ¢ (2+2) we derive the homoge-
neous B eq.n. (at least for short times)

For o« = 1 recover the hydrodynamic limit,

while, for « = 0 you get the low density limit.
Indeed the one-particle distribution:

(O + % - Va) f* = Q(f*, f7).



Use Lanford (xz becomes a parameter) to

get the homogeneous B eqg.n (even for not
traslationary inveriant states) for short times.

Physical significance and stationary problem.



Assuming global smooth solutions to the
B eq.n (e.g. homogeneous, near the
equilibrium...), does the B-G limit hold
in the large?

Work in progress.
Semidiscrete model in 2-D.

Boltzmann equation for hard-disks

(0 +v - Va)g(z,v;t) = Qg,9)(z,v; t)



Qg 9)(w,v: 1) = [ doy /51+ dww - (v = v1)

[g(:l?, ’U/)g(CIZ, /U€I_) o g(xa ’U)g(il?, Ul))]a

where

S_1|_={w€Sl|(’U—’Ul)-wZO}

selects the set of incoming velocities.

Collision law:

V=1 - 2(w-v)w, v} =uv1+2w: v)w.



One-particle phase space
(z,v) € T? x St
T2 is the 2—D torus. The velocity € S1.

Energy is conserved, but not the momen-
tum.



We also consider the following Boltzmann-
Enskog equation (use it as a bribge):

(Ot +v-Vz)ge(z,v,t) = Qe(ge, 9e ) (z,v; 1)
where

Qg ) vi) = [dvn [, dow- (0 =0)
9, v)g(@ — ew,vl) = g, v)g(w + 2w, v))],

Consider the initial value problem, with the
same initial value

gO:T2><Sl.



go IS such that there exists unique solutions
g(z,v;t) and ge(x,v;t), up to time T > O,
such that

sup ge(z,v;t) = G < +o0; sup g(x,v;t) =G.
v, t<T v, t<T
Moreover:

lim ge(x,v,t) = g(x,v;t),
e—0

in C(T2 x St x [0,T]).



Particles

N-particles of diameter £ > 0.

ZN = (XN,VN) — (Zl---ZN) = (CBl,vl...ZCN,UN>
z; € T? and v; € S, with the hard-core con-
dition |z; —x;| > e forall i # j. Zy — P (Zy)
the dynamical flow with the above collision
rule.

Boltzmann-Grad limit:

N — 00,e — 0, Ne = 1.



Initial distribution

N
wWd'(Zy) = TI 90z I1 x ;Norm
i=1 i<

Xi ;i = x{lz; — zj| > €})



Hierarchies

Let g-(¢t) be the sol.n to the B-E eqg.n equa-
tion. Consider the products:

g?(Xj,Vj;t)=g§j(Xj,Vj;t), j=1...00.
Then g?(t) solves the hierarchy of equations

J
(0 + Z U - ka)9§ — Cj—|—19]€'_|_1,
k=1

where

j
Civy1= ) Cirjt1
k=1



and

Ck,j—|—19j—|—1($1 SRR FECH IR ’Uj) =
/dvj_|_1/2 dww - (v, —vj41)
ST
[gj—l—l(xl v Ly T +ecw; vy ... v;{: .. 'U;—I—l)_

gj_|_1(CC1 co o Lj, T — EW, V] ...V - ’U]_|_1)]

We represent the solution by means of the
Duhamel expansion:



0 t t1 th—1

N

)= / dt1/ dtz.../ dtn
= Jo 0 0

S(t—tl)C§+1...S(tn_1 tn)C _|_,nS€(tn)gn_|_].
where

gn—l—j g®(n+,7)

and

S(t)g;(X;,V;) = g;(X; — V;t, V;).



An analogous expansion holds for the marginals
of the time evolved measure

W (Zy;t)
denoted by f;(t). See later on.

It is convenient to represent each term of the
Duhamel expansion in terms af integrals of
the initial datum. We call a n- collision, j-
particle tree a collection of integers kq1...kn
S.t.:

ki € Ij,kQ ~ Ij_|_1, .. kp € Ij—l—n



where I; = {1,2,...5}.

Next set
tn, = (t1,...tn),
wn = w1 wn,
Vijn = Vjt1---Vjtn
o =01 On, O0j= +1
and define

> tn})



dwy ...dwndvjyq...dvjq,

g5 (Zp= > > d(-»l

n=0G(jn) ©

[ Ao, Vi 4n) B g4 (G (D).
where B, = [[ B and, for s € (0,1t)
E(s) = (85(5),7°(s))

is the backward flow of the positions and
velocities of the particles, created according
to G(j,n), 0, (tn,wn, Vj jyy). Without recol-
lisions.



Short time bound

>, =iG+D...G+n-1);
G(j,n)

C
/ dAB,, < 204

n!

g?—l-n <G

hence

37(..) < (CoGY S (CoGH)™

n n



Compare

g5 (Zi= 3 > d(-»l

n=0G(jn)

/dA(tn,Wna jj—l—n) Bn g]+n(<§+n(0))-

f5(Z5it) = Y S Y (- 1)|G|H04z

n=0G(jn) ©




C¢(s) is the backward flow WITH recollisions.
= O(1).

The main difference is that

J+n(C§+n(0)) # 95415540 (0))

due to the recoll.ns. Small d\ measure.

Try to iterate. You can prove
f5(Z5t) = g5(Zj;t) + E5(Z; )

|E5(Zj;t)| < Bl



outside the backward overlapping. Irreversibil-
ity.

The difficulty of the iteration is two-fold.
The estimate is not uniform. The error, even
if small, propagates. No advantage of the
uniform estimate on g-.

I,J,K.... subset of indices. |I| cardinality of
I.

Seek for an expansion of the form (ansatz)

KCI



where ¢7-(Zk,t) = [lkek 9°(2; t) and

[R(Zj, )] < @e(|T])

we(j) — O; e — 0.

Then, assuming (1) at time ¢, outside the
backward overlapping manifold, then prove
that it holds also at time ¢t + 7 (7 very small
but fixed).

To see the main idea consider at time ¢t only
the leading term g% (Zg,t).

Then (|I| = j)



N
fGrt+ny =% > Y(-D

n=0G(jn) ©

[ Ao wn, Vi) B 951y (¢5(0), ) =

D DD D LD

nl,...nj G’(nl)G(nJ) 0'1...O'j KclI
[annB... [ i B T5ENG

QE(K)(?(O% t)gfg(I/K)(CE(O), t).



But

XK'= > Tkt
LCK

hence

[[Zpt+7m) =Y g (Zpit+1)R(Zr)it+7)
LCI

All the trees I/L recollide, so that their dA
measure is small. We expect

\R(Zp;t+ 1) <elrl



