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Boundary Driven WASEP
State Space: FIX N > 1.

{0, 131N = (n(1), ..., n(N — 1))

Bulk dynamics: 1 <o < N — 2
@ r—x+1 atrate a+ N1

@ r+1— 2 atrate «
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Boundary Driven WASEP

State Space: FIX N > 1.

{0, 131N = (n(1), ..., n(N — 1))

Bulk dynamics: 1 <o < N — 2
@ r—x+1 atrate a+ N1
@ r+1— 2 atrate «

Boundary dynamics: FIX 0 < py < p1 < 1.

@ Right boundary: creation at rate p;, annihilation at rate (1 — p;)

@ Left boundary: creation at rate py, annihilation at rate (1 — pg)

=
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Stationary state

Stationary state: p2 (depends on pg, p1)

@ ¢ =log(p/1 — p) chemical potential.

@ a. = [p(1) — ¢(0)]~t. No current, process reversible, ;¥ is product
measure.

@ « > a.. Current from right boundary to the left.

@ «a < a.. Current from left boundary to the right.
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Nonequilibrium free energy

Z (-—x/N)

fim ¥ [ ~ 7] = 1

N —o0

= o = F0) = p(1—p)
p) =p(l—p
p(0) =po, p(1)=p1.
ull (7N ~ p| e NI0P) S nonequilibrium free energy
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Equilibrium free energy

1 —p(x)

1 - pa(x



o > O

Enaud and Derrida (04), Derrida, Lebowitz and Speer (01)

S(p) :/0 {h(p) + (1= p)p —log (1 +¢¥)
+ ap, logap, — (ap, — 1) log(ap, — 1)} dr — A,

@ h(a)=aloga+ (1 —a)log(l—a), A, a constant

APy n 1
(i, — 1) 1+e¥

= p

0(0) =wo, @1)=¢p1, ap,>1
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Dynamical approach

@ Approach does not depend on the model

N —
Z N2 (T —z/N)
Ty~ P
(up + f(u)e = Qugy
PY[rY ~ u(t,)] ~ 1 w0)=p()
L u(t,0)=po, p(t,1)=p1.
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Dynamical large deviations
@ Fix trajectory u(t,-),t > 0. Letp(-) =u(0,-).

P,{m" ~uin [0,T]} ~ exp{—NIj 7 (u)}

Iiom(u) = a/o dt/o o(u) [H,)? dx
@ o(a) = a(l —a) mobility

T

g + f(u)y — Quze = —2a [a(u)Hx}
H(t,0) = H(t,1) = 0
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Quasi-potential
@ Ijp 1 (u): cost of observing w.

@ Cost of connecting p,, to p in [=T,0]:

inf  Ij_ U
w A=z, o)
U(O,-):p

@ Quasi-potential:

V(p) = inf  inf I_
(p) = inf L 7,0) (1)

U(O,-):p
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Nonequilibrium free energy

Theorem 1 Bodineau-Giacomin (97), Farfan (09)
If p, Is a global attractor, S = V.

Slp) = mmf it I70(v)
u(0,-)=p

Remark: Any dimension, model.
Questions:

@ Optimal trajectory.
@ DLS formula for S, DLS equation

QL o<,

=
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Action functional

Tor(w) = a /O i /O o) [ da

x

ug + f(u)y — Quze = —2a [O’(U)Hx]
H(t,0) = H(t,1) = 0

1

T 1y 2
I m(u) = 1o ), dt/o m{v_l[uthf(u)x—ozum}} dx

T
Iio,ry(u) = /O L(uw, ut) di
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Hamiltonian formalism

V(p) = inf  inf I_
(p) = inf L 7,0) (1)

u(0,)=p
H(p7H) — Sl(l;p{<H,G> - ,C(,O,G)}

H(,O,H) — O‘<O-(10)7H32:> + <04,03:a:_f(/0)x7H>

Hamilton-Jacobi equation H(p, 5—‘/) =0
op

Quasi-potential for Burgers equation — p.11/21



| dea of the proof

Up = QUge — f(U)e — 20 (0(u)Hy)s
{Ht — _aHxa: — f/(u)HJJ — OéO'/(U) Ha2:

e (p,,0)is fixed point
@ Hyperbolic: (p,0) — (p,,,0)

@ M, stable manifold, M, unstable manifold
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Statement

e P PP

M., 1S a graph

M, Is Lagrangian:

Letr: [0,1] — M, such that »(0) = r(1)
Let r(t) = (p(t), H(?)).

1
Then , /(pt,H>dt = 0.
0

Claim: V(p) = Cy + /(pt,H> dt
T
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Sketch of the proof
[~ (v) = u(_(jolf_f):ﬁa I(—co0)(u) = inf u(_r}f,l_g:ﬁa I[_70)(u)
u(0,-)=p u(0,-)=p

I( ooO / £?} ’Ut

@ v satisfies the Euler-Lagrange equation:
d 6L oL

——(v,1¢) = 5o

dt 5?}t
@ Let H=H(v,v:) = (0L/6v¢)(v,vy)

(v, V)

@ (v, H) follows the Hamiltonian flow

=
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Sketch of the proof

@ v(t) —p,ast ]| —
@ Assume that (v,H) e M,: H(t) — 0ast | —oo

0

[(—oo,O](v) — B £(’U, Ut) at

: {(vr. 1) — H(v, H)} dt

I
— —

3

0
— <’Ut,H> dt

o

p) — V(pa)

=V

/N
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DL S equation a > «.
U = Qg — f(u)s — 2a(o(u)Hy),
{Ht = —aH,, — f(WH, — ao'(u)H?
@ Fix p. Let ¢ be given by

APy N 1
Y (ap, — 1) 1+e¥

Hzloglfp—so —  (p, H) € M,

@ I'y ={(p,H)}CM,
@ I, is agraph by definition

@ I, Is Lagrangian
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Proof that (p, H) € M, L

e Need (u(t), H(t)) — (5,,0)ast | —oc

U = gy — f(u)e — 20 (0(u)Hy)z
Equation of motion: {

H = —aH,, — f(WH, — ao'(u)H?
W = —Q Wz + f(w)e + 2a(c(w)dy)q
Time reversed: (1)
Jo = adye + fl(w)y + ad (w)J?

Wy = —QWge + f(w)e + 2a(o(w)dy)e

Alternative formulation: W
J = log

1—w_gp
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Miracle

Then F, = aF,, — f(F).

@ Fix p. Solve DLS to get .
@ Let FF=e¥/(1+ e¥) and let F evolve according to the Hyd. Eq.
@ Let p(t) =log[F(t)/1 — F(t)]. Set

QP () 1 B w(t)
N pr(t)(a@x(t) — 1) * 1+ er(®) J(t) = log

Then,
@ (w(t),J(t)) evolves according the backward equation (1)

@ w(t) is the hydrodynamic path of the adjoint process

=
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Hamilton-Jacobi equation

oz<0(p), (%>2> + <Oépm—f(0)x, 55—‘;> = 0

x

@ No unique solution, not easy to solve
Lemma: V' Is the maximal solution.

@ Assume W solution

@ Fixatrajectoryu. u(-T)=p, u(0)=p
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L ower bound

_ _a/ dt/ H, 5W} )2dw
_@/Odt/()(,(u)é_ far s 20 [Tt [t

dw

—a/Tdt/la(u){%—‘/;/de:a/ dt/ {tuze + f(u) }5—Wd:v

2a/dt/ — dx:—Za/dt/ —d:z:
op

/ dt / ut— de = Wu(0)) — W(u(~T))
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o < Ol

APy 1
9033(1 _a@x) 14 e®

@ Exists a solution but not unique!

@ I'y ={(p,H)} is Lagrangian

Wmm=%+/wmﬁ

e I'yC M,

@ Similar proof, but H may be discontinuous. Phase transition

V(p) = inf {W(p, H): (p,H) € ru}
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