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Brockett’s |dea (1991)
eletH = H* A= A* € B[CV],

e [ is A-diagonal< [H, A] = 0.

o For A = diag(av, ..., an) With a; < ajiq:
H is A-diagonalk= H = diag(Aq, ..., An).

¢ Study the time-dependent Sédinger Eq.
Vt>0: OH, = i[H,G), Hy := H,

whereG = G* € C*(Ry; B[C"]) is chosen later.

e Introduce Lyapunov function
fo = ST{(Ho— A} o= JTR{H? + A~ 2H A} > 0.
Then
fo = —To{H,A} = —Tv{i[H, G)JA} = —Tr{i[A, H]G,}.
e Brockett's key observation:
Gy, = Gf = i[A, Hy =  fi=-Tr{G}} <o.

Fund. thm. of calc. implies-f € L'(R*;R{), i.e., Tr{[i4, H,*} — 0.
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e If convergent then

Hoo = Jim Hy = Jim {UeoHUo}
which is unitarily equivalent tdf and A-diagonal.(U; ;)i>s>0 € U(N) is
the cocycle of unitary matrices generated:6y.

o Similar idea of Wegner (1994): Choosiy := i[H; ", H,], he shows
thatTr{G?} is monotonically decreasing.

e Brockett proposed method for diagonalization of matriced tansolve
linear programs.

e Wegner applied his method to many-particle Hamiltoniarshi€in and
Mielke [(IR-singular) spin-boson model, 1994-1996], Stginbbard model,
1998), [see Kehrein 2006].

¢ As a (nonlinear) evolution equation,
Vt>0: ath = [Ht, [Ht,AH, HO = H,

e Finiteness and cyclicity of the trace @' was used at several places.
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Global Existence for Bounded Operators

Thm 1: Let (A, ] - ||.4) be a Banach subalgebra of the Banach algebra
B[$] O A of bounded operators on a separable Hilbert sgasech that

|| - |].4 is a unitarily invariant norm. Suppose thdy = Hj, A = A* € A

are two self-adjoint operators such that> 0. Then

Vt>0: ath = [Ht, [Ht,AH, H() = H, (1)

has a unique solutioff(., € C*°(Rg; .A), andH, is unitarily equivalent to
Hy, forallt > 0.

Proof:
The right side of (1) is locally Lipschitz continous.

= Local existence{., € C*°([0,T7;.A), for somel’ > 0.
|Hr||4 = ||Hol| 4 because of unitary equivalence.
=- Global existence by iteration.
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L ocal Existence for Unbounded Operators

Let® C $ be a dense domaiX = B[] andY = B[D], H, = H{,
A = A* € B[®; %] such thatd > 1. Further assuméin(Ho) cXny,
where

Ro(H):=A™", Ri(H):=[H,A™", Ry(H):=[H[HA],...

Thm 2: Suppose that

00 epn

S S (RalHo) x + 1B Ho) ) < € B

n=0

for somep,n € R. Then
Vt > 0 . 8th = [Htu [Ht,Ail]iL HO = H, (3)

has a self-adjoint solutiofl ., € C*°([0,T%); B[D, $]), where

T, := ger~"!, and there eX|sts a smooth family, € C*([0,7.); XNY)
of unitary tranformations preserving the domairof H, such that

H, = U,HyU; is unitarily equivalent tdH,, for all t € [0, 7). It obeys

o0 pm
Z = aX {6 nt/T*(

n! tejo,T

[Ru(H)llx + | Ra(H)ly)} < 2¢7 (4)

and is the only solution with this property.

e Proof is inspired by Caps 2002 and uses Nash-Moser type ¢sima
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Convergence on Hilbert-Schmidt Operators
Thm 3: SupposeH, := H = H*, A = A* € L£?[§)] are two self-adjoint
Hilbert-Schmidt operators on a separable Hilbert spasech thatd > 0
has full rank, and let{,, € C>(R{; £2[$)]) be the unique solution of (1).
Then

H, = tlim H,

converges stronglyi, is A-diagonal, andH, is unitarily equivalent to
H,.

e Note that, whilet; = U; o HyU, there is no claim about the
convergence of/, 5, ast — oo.
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Diagonalization of Quadratic Operators
e Foraj, a, obeying the CCR andl; of the form

H, = Yk ) apar + Bk, Oy ai af + Bylh. O ayag}
k.l

e Choosing4 := ), a; ax, we have:

H, is A-diagonak= H; is in normal form (Berezin)
e Eq. (1) is equivalent to system
0, = —16 B, B}, OB, = —2(u B+ B, Q). (5)
e Exist. + uniq. + conv. under the assumption that, for seme0
(27 +1)By € £2[9], 8B B; <y, (4+¢)Bs By < 1.
e Weaker than standard assumptien> - 1 (= 3 gap),

e 4B\Q! B; < 1is necessary fof, to be bounded below.



