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Brockett’s Idea (1991)
• Let H = H∗, A = A∗ ∈ B[CN ],

• H is A-diagonal:⇔ [H,A] = 0.

• ForA = diag(α1, . . . , αN) with αj < αj+1:

H is A-diagonal⇔ H = diag(λ1, . . . , λN).

• Study the time-dependent Schrödinger Eq.

∀t > 0 : ∂tHt := i[Ht, Gt], H0 := H,

whereG = G∗ ∈ C1
(

R
+
0 ;B[CN ]

)

is chosen later.

• Introduce Lyapunov function

ft :=
1

2
Tr

{(

Ht − A
)2}

:=
1

2
Tr

{

H2 + A2 − 2HtA
}

≥ 0.

Then

ḟt := −Tr
{

Ḣt A
}

= −Tr
{

i[Ht, Gt]A
}

= −Tr
{

i[A,Ht]Gt

}

.

• Brockett’s key observation:

Gt = G∗
t := i[A,Ht] ⇒ ḟt = −Tr

{

G2
t

}

≤ 0.

Fund. thm. of calc. implies−ḟ ∈ L1(R+; R+
0 ), i.e.,Tr

{

[iA,Ht]
2
}

→ 0.
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• If convergent then

H∞ = lim
t→∞

Ht = lim
t→∞

{

Ut,0HU∗
t,0

}

which is unitarily equivalent toH andA-diagonal.(Ut,s)t≥s≥0 ⊆ U(N) is
the cocycle of unitary matrices generated byiGt.

• Similar idea of Wegner (1994): ChoosingGt := i
[

H
diag
t , Ht

]

, he shows
thatTr

{

G2
t

}

is monotonically decreasing.

• Brockett proposed method for diagonalization of matrices and to solve
linear programs.

• Wegner applied his method to many-particle Hamiltonians; Kehrein and
Mielke [(IR-singular) spin-boson model, 1994-1996], Stein(Hubbard model,
1998), [see Kehrein 2006].

• As a (nonlinear) evolution equation,

∀t > 0 : ∂tHt :=
[

Ht, [Ht, A]
]

, H0 := H,

• Finiteness and cyclicity of the trace onC
N was used at several places.
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Global Existence for Bounded Operators
Thm 1: Let (A, ‖ · ‖A) be a Banach subalgebra of the Banach algebra
B[H] ⊃ A of bounded operators on a separable Hilbert spaceH such that
‖ · ‖A is a unitarily invariant norm. Suppose thatH0 = H∗

0 , A = A∗ ∈ A
are two self-adjoint operators such thatA ≥ 0. Then

∀t > 0 : ∂tHt :=
[

Ht, [Ht, A]
]

, H0 := H, (1)

has a unique solutionH(·) ∈ C∞(R+
0 ;A), andHt is unitarily equivalent to

H0, for all t > 0.

Proof:
The right side of (1) is locally Lipschitz continous.

⇒ Local existenceH(·) ∈ C∞([0, T ];A), for someT > 0.

‖HT‖A = ‖H0‖A because of unitary equivalence.

⇒ Global existence by iteration.
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Local Existence for Unbounded Operators
Let D ⊂ H be a dense domain,X = B[H] andY = B[D], H0 = H∗

0 ,
A = A∗ ∈ B[D; H] such thatA ≥ 1. Further assumeRn(H0) ∈ X ∩ Y ,
where

R0(H) := A−1, R1(H) := [H,A−1], R2(H) :=
[

H, [H,A−1]
]

, . . .

Thm 2: Suppose that

∞
∑

n=0

eρn

n!

(

‖Rn(H0)‖X + ‖Rn(H0)‖Y

)

≤ eη , (2)

for someρ, η ∈ R. Then

∀t > 0 : ∂tHt :=
[

Ht, [Ht, A
−1]

]

, H0 := H, (3)

has a self-adjoint solutionH(·) ∈ C∞
(

[0, T∗);B[D,H]
)

, where
T∗ := 1

8
eρ−η−1, and there exists a smooth familyU(·) ∈ C∞

(

[0, T∗); X∩Y
)

of unitary tranformations preserving the domainD of Ht such that
Ht = UtH0U

∗
t is unitarily equivalent toH0, for all t ∈ [0, T∗). It obeys

∞
∑

n=0

eρn

n!
max
t∈[0,T ]

{

e−nt/T∗
(

‖Rn(Ht)‖X + ‖Rn(Ht)‖Y

)}

≤ 2 eη (4)

and is the only solution with this property.

• Proof is inspired by Caps 2002 and uses Nash-Moser type estimates.



VB at ETHZ, 08-Jun-2009 5

Convergence on Hilbert-Schmidt Operators
Thm 3: SupposeH0 := H = H∗, A = A∗ ∈ L2[H] are two self-adjoint
Hilbert-Schmidt operators on a separable Hilbert spaceH such thatA > 0
has full rank, and letH(·) ∈ C∞

(

R
+
0 ;L2[H]

)

be the unique solution of (1).
Then

H∞ := lim
t→∞

Ht

converges strongly,H∞ is A-diagonal, andH∞ is unitarily equivalent to
H0.

• Note that, whileHt = Ut,0H0U
∗
t,0, there is no claim about the

convergence ofUt,0, ast → ∞.
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Diagonalization of Quadratic Operators
• Fora∗

k, aℓ obeying the CCR andHt of the form

Ht =
∑

k,ℓ

{

Ωt(k, ℓ) a∗
k aℓ + Bt(k, ℓ) a∗

k a∗
ℓ + Bt(k, ℓ) ak aℓ

}

• ChoosingA :=
∑

k a∗
k ak, we have:

Ht is A-diagonal⇔ Ht is in normal form (Berezin)

• Eq. (1) is equivalent to system

∂tΩt = −16 Bt B
∗
t , ∂tBt = −2

(

Ωt Bt + Bt ΩT
t

)

. (5)

• Exist. + uniq. + conv. under the assumption that, for someε > 0

(

Ω
−3/2
0 + 1

)

B0 ∈ L2[H], 8B0Ω
T
0 B∗

0 ≤ Ω0, (4 + ε)B0Ω
T
0 B∗

0 ≤ 1.

• Weaker than standard assumptionΩ0 ≥ µ · 1 (⇒ ∃ gap),

• 4B0Ω
T
0 B∗

0 ≤ 1 is necessary forHt to be bounded below.


