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Step initial condition on Z  -- II --
SSEP : Spohn (1989), Tracy Widom (2007-9) Q

TASEP : Schutz (1993), Johansson (2000), Prahofer Spohn (2000)
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e Continuous model for diffusive systems
e Conserved particle density p(x, t)

e p(x, t) diffuses on average, with excursions :

/ T [+ D(p)oxp)?

log P[po(x) — p7(x)] ~ max — [dt [dx 2000)

p(x.t)

e j(x,t): current
e Conservation : 0,j + 0ip =0
e On average, j = —D(p)0yp (Fick's law)
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Conclusion
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Variational principle

log P[po(x) — pr(x)] ~ max—/dt/ (J+D O.p)?

/)Xt

Scaling limit of various diffusive systems :

e Non-interacting particles : =1/2,0=p
e Symmetric exclusion : D= 1/2, o=p(l-— )
e Kipnis-Marchioro-Presutti model : =1/2, 0 =p?

= notion of a general diffusive system
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where K is given by A\ = fp" dffzp) L/H;Ka(p) - 1}

= Non-universal distribution across models
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1 K
—log (e*7) — —— /
Concusion T L 1+2KJ

= Non-universal distribution across models
e For the SSEP (D =1/2, 0 = p(1 — p)) :

1 log (€*97) — {Iog (\/m — \@)r

T PasPb

with w = p,(e* — 1) + pp(e™ — 1) + papp(e* —1)(e7* — 1)
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Open system Bodineau Derrida 2004
[ ] L] [ ] [ ]
Pa > <> Pb
1 K
—log (e*7) — —— /
e T L 1+2KJ

= Non-universal distribution across models
e For the SSEP (D =1/2, 0 = p(1 — p)) :

1 log (€*97) — {Iog (\/m — \@)r

T PasPb

with w = p,(e* — 1) + pp(e™ — 1) + papp(e* —1)(e7* — 1)
= Coincides with the universal flux distribution for fermions in
disordered conductor (Lee Yevitov Yakolev 95)
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Ring Appert D. Lecomte van Wijland 2008

Hydrodynamic theory

Known results

Q

1
=
where F(u) = —43_ -, [nﬂ'\/ 22 — 2u — n*m? + u}

= (Q7F), is universal for n > 4

A2 {Q3 1 o\2
|0g<e/\QT> _ 7<77z—> ~ pf (4)
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with w = p,(e* — 1) + pp(e™ — 1) + papp(e — 1)(e7* — 1)
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Conclusion

with w = pa(e* — 1) + pp(e™* — 1) + papp(e —1)(e™* — 1)
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Conclusion

with w = pa(e* — 1) + pp(e™* — 1) + papp(e —1)(e™* — 1)

e The invariance <e’\Qt>p ,, = Ft(w) can be derived both from
the discrete and continuous models
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n+1
log <e>\Qt> -~ /277 Z n3/2

with w = pa(e* — 1) + pp(e™* — 1) + papp(e —1)(e™* — 1)

e The invariance <e’\Qt>p ,, = Ft(w) can be derived both from
the discrete and continuous models

e The exact expression of F;(w), however, has only been derived in
the discrete case
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Conclusion

Results of this talk

Infinite line Derrida Gerschenfeld 2009
For the SSEP only :

n+1
log <e>\Qt> -~ /277 Z n3/2

with w = pa(e* — 1) + pp(e™* — 1) + papp(e —1)(e™* — 1)

e The invariance <e’\Qt>p ,, = Ft(w) can be derived both from
the discrete and continuous models

e The exact expression of F;(w), however, has only been derived in
the discrete case

e But its asymptotics for large Q; can be understood :

71_2 Q3
1212 t}

P[Q: ~ Q] < exp {—
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Flux Q; between two regions during time t for any geometry :

A4 Yop

Hydrodynamics

Pa Pb

Then (@) = Fi(w) where

PasPb

w=pa(e* = 1)+ pp(e ™ = 1) + papp(e* —1)(e=* — 1)
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n>0 p,q>0
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w invariance for the discrete model

Derivation
e Two different expansions of (e*@) :

(9 =S an = 3 ol g0 1)

n>0 p,q>0

e (@) is a polynomial of degree n in p,, pp.
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w invariance for the discrete model

Derivation
e Two different expansions of (e*@) :
AT
(9) =D "0 (Q0) = rhr] gna(X.1)
n>0 P,q>0

e (QU) is a polynomial of degree n in p,, pp.
e goq(\, t) is a linear combination of (e=29, .., e*P)
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w invariance for the discrete model

Derivation
e Two different expansions of (e*@) :

(9 =S an = 3 ol g0 1)

n>0 p,q>0

e (QU) is a polynomial of degree n in p,, pp.
e goq(\, t) is a linear combination of (e=29, .., e*P)
= For gpq not to appear in (Qf) for p+ q > n, one needs

8pg( A, t) = (e —1)P(e™* — 1)9cpg(t)
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e Two different expansions of (e*@) :

(9 =S an = 3 ol g0 1)

n>0 p,q>0

e (QU) is a polynomial of degree n in p,, pp.
e goq(\, t) is a linear combination of (e=29, .., e*P)

= For gpq not to appear in (Qf) for p+ q > n, one needs

8pg( A, t) = (e —1)P(e™* — 1)9cpg(t)

o Now (e*@) = Gy(ps(e* — 1), pp(e™* — 1)) = Gi(ev, B)
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e In the SSEP, the holes follow the same dynamics as the

<e/\Qt> = <e_/\Qt>1—pa,1—pb

Conclusion .
particles :
Pa;sPb
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e In the SSEP, the holes follow the same dynamics as the

particles :
<e/\Qt>

= Here : Gi(a, 8) = Ge(e M+ 1) —1,e*(B+ 1) — 1) for any A
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Derivation
T o (X)) = G(pa(e* — 1), pp(e™> — 1)) = Gi(av. )
e In the SSEP, the holes follow the same dynamics as the

particles :
<e/\Qt>Pa»Pb = <e_/\Qt>1—pa,1—pb

= Here : Gi(a, 8) = Ge(e M+ 1) —1,e*(B+ 1) — 1) for any A
= Gi(a, B) = Ge(af + a+ 3,0) = G¢(w,0) and
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Calculation

Tail behavior

w invariance for the discrete model

Derivation

o (4%) = Gulpa(e* — 1), po(e™ ~ 1)) = Gi(a. )
e In the SSEP, the holes follow the same dynamics as the

particles :
<e/\Qt>Pa»Pb = <e_/\Qt>1—pa,1—pb

= Here : Gi(a, 8) = Ge(e M+ 1) —1,e*(B+ 1) — 1) for any A
= Gi(a, B) = Ge(af + a+ 3,0) = G¢(w,0) and

<e>‘Qt> = F(w)

Pa;Pb
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e For p, =1, pp =0, the Bethe Ansatz (Tracy - Widom 2007-9 )
gives after some work

() = det(/ + wkK;)

with an operator

1 i (z+1/z-2)
Kfe) = S A
2/|=r1 2im 22" +1 =22
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e For p, =1, pp =0, the Bethe Ansatz (Tracy - Widom 2007-9 )
gives after some work

() = det(/ + wkK;)

with an operator

1 i (z+1/z-2)
Ki@)=§ G2
2/|=r1 2im 22" +1 =22

e When t — oo, trK{" ~ /55 so that

[t (=)t t [ dk e
log () ~ 5 E S =05 / ?Iog(lere “)
n>1 h
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Tail of the distribution

e For large A and Q;, this gives

log <e

2 2V2t 30
™

= P[Q:; ~ Q] < exp [

o @
122 t

|
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Tail of the distribution

e For large A and Q;, this gives

QL 2V2t 3 ~ O] = o~ @
Iog<e > - A4 = PRy ~ Q] < exp TR,

e The scaling of fluctuations in t'/3 had been observed in TASEP
(Schutz, Johansson)
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— G(g)

7T2
---- —5¢ +qlogpa(1 — pp)

I I
0.5 1 1.5

0
q

-0.5
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log (e*97) = mﬁx—/ dxdt%go))axp)2

o f . T) = o 0) = [ 0 S(p(x.0))
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The SSEP Settlng

log (e*97) = mj\x—/ dxdt(HS‘(Zz)axp)z

o f . T) = o 0) = [ 0 S(p(x.0))

e Counts the integrated current during time T

e Entropy of the initial state :

S(p) = f(p) = £(p) = (p = P)F'(P)

_ | pa ifx<O0 | _— .
p= { oy x>0 average initial density

f : entropy function (f//(/)) = olp)
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Fluctuation theorem
e The cross-term in (j + DOyp)?/20 is a boundary term :

[[ a2 _ [ 10N
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w-dependence

Hydrodynamic theory

Fluctuation theorem

e The cross-term in (j + DOyp)?/20 is a boundary term :

[] a2 [ 100

log <e’\QT> = mﬁx/dx(/\é)(x) - }f’(ﬁ(x))) [p(x,1)], T

— 5 [ #(S(ox.0) + 5o

2
//d dtJ + Daxp)
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log (e*97) = mpax/dx()\G(x) - Ef’(ﬁ(x))) [p(x, t)}OT

(DOxp)?

- % / dx(S(p(x,0)) + S(p(x, T))) — / / dxdtl

20
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Fluctuation theorem
log (e*97) = mpax/dx()ﬁ(x) - %f’(ﬁ(x))) [p(x, t)}OT

- % / dx(S(p(x,0)) + S(p(x, T))) — / / dxdtf“%”’)

p(X, t) - p(X, T— t)

e Reverse time : { J(6, ) = —j(x6, T — 1)
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Fluctuation theorem

w-dependence

Hydrodynamic theory

Fluctuation theorem

log (e*97) = mpax/dx()\G(x) - %f’(ﬁ(x))) [p(x, t)}OT

(Ddxp)?

_ %/dx(S(p(x,O))-FS(P(Xv 7)) —// dxdfﬂT

p(X, t) - p(X, T — t)
J(x,t) = —j(x, T —t)

e One term changes = new A :

e Reverse time : {

, P
() = (X)) for A+ N = / b dp

Jpa
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Setting
Fluctuation theorem

w-dependence

Hydrodynamic theory

Fluctuation theorem .
log (e*97) = m/?x/dx()ﬁ(x) - Ef’(ﬁ(x))) [p(x, t)}OT

-3 / dx(S(p(x,0)) + S(p(x, T))) / / dxdtj—'_(2+axp)

P(X, t) - p(X, T — t)
J(x,t) = —j(x, T —t)

e One term changes = new A :

e Reverse time : {

Pb
QT — (N7 for A+ N\ = / d
(€M) = (e °T) L 4%

= A fluctuation theorem (Galavotti Cohen, ...) out of stationnary
state
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Setting
Fluctuation theorem

w-dependence

Hydrodynamic theory

Fluctuation theorem .
log (e*97) = m/?x/dx()ﬁ(x) - Ef’(ﬁ(x))) [p(x, t)}OT

- % / dx(S(p(x,0)) + S(p(x, T))) — / / dxdtj—i_(2+axp)

P(X, t) - p(X, T — t)
J(x,t) = —j(x, T —t)

e One term changes = new A :

e Reverse time : {

Pb
QT — (N7 for A+ N\ = / d
(€M) = (e °T) 7

= A fluctuation theorem (Galavotti Cohen, ...) out of stationnary
state

e For the SSEP : M = —\ + log ff(_lp:fﬁz gives the same value of w
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w-dependence for the SSEP

e Introduce an auxiliary field p :

[ 2 : Y A2 2
max //——(‘, + D9yp) = max// U+ DOxp + 00:p)” = ( + DIxp)
P 20 p.p

20

= max [[ j0p+ DoLp0.p + S04

N |
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w-dependence for the SSEP

e Introduce an auxiliary field p :

max// (_/+D6Xp // (j+ DOxp + a0y p)? — (j + DOyp)?
pp

20

= max [[ j0p+ DoLp0.p + S04

N |

e Boundary equations on (p,p) at t =0, T :

{f)(x,T) = —M(x) +C
p(x,0) = —A(x) = f(p(x)) — f'(p(x,0)) +C
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o w-dependence for the SSEP

Discrete model

Hsydt‘rodyymmcs e For the SSEP : D = ]_/2,0' = p(]_ — p). Take
w-dependence S+ — peﬁ oL 1
Conclusion S = (1 _ p)e*f’ and S.S' = E(SJFSL + 5,5;) + 525;

Sz :p_1/2
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w-dependence for the SSEP
e For the SSEP : D =1/2,0 = p(1 — p). Take

5+ = peﬁ o 1
S. =(1-p)e? and 5.5 = (5.5 +5 5)+5.5S,
S, =p—-1)2

= Then the bulk integrand becomes

1 = -
§0ep + D pdp + %(6@)2 = pOip = 50.5.0.5
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The SSEP

Discrete mode

Hydrodynamics
Setting
Fluctuation theorem

w-dependence

Conclusion

Hydrodynamics and w

w-dependence for the SSEP
e For the SSEP : D =1/2,0 = p(1 — p). Take

5+ = peﬁ o 1
S. =(1-p)e? and 5.5 = (5.5 +5 5)+5.5S,
S, =p—-1)2

= Then the bulk integrand becomes

1 = -
POep + Dpdsp + %(6Xﬁ)2 = pOip = 50.5.0.5

= Orthogonal transforms on S give families of optima for the bulk

integral
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The SSEP w-dependence for the SSEP : Boundary conditions

Discrete model

e Objective : Find A orthogonal such that

Hydrodynamics

Setting

Fluctuation theorem / / !/

w-dependence (pa7 pb7 )\) } A { ( a’ pb’ )\ )
) A Q I 1A G

Conclusion P, 0, S ppS
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Setting
Fluctuation theorem

w-dependence

Conclusion

Hydrodynamics and w

w-dependence for the SSEP : Boundary conditions

e Objective : Find A orthogonal such that

(pa7pb7)\) }i}{ (plmplb?)\/)

p.p,S o0, S

o Necessary condition : from the boundary equations,

B Pa B pre

S(—o0,t) = 1—pa and S(+oo,t) = [ (1 —pp)e
pa—1/2 po—1/2

>
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Setting
Fluctuation theorem

w-dependence

Conclusion

Hydrodynamics and w

w-dependence for the SSEP : Boundary conditions

e Objective : Find A orthogonal such that

(pa7pb7)\) }i}{ (plmplb?)\/)

p.p,S o0, S

o Necessary condition : from the boundary equations,

B Pa B pre
S(—o0,t) = 1—pa, and S(+o00,t) = | (1 — pp)e
pa—1/2 pp—1/2

2 1
= 5(—00).5(0) = g +7 is conserved
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The SSEP

Hydrodynamics and w

w-dependence for the SSEP : Boundary conditions

e Objective : Find A orthogonal such that

(pm Pby )\2 i} (pi'n plb_")\/)
p7ﬁa5 plvﬁlasl

o Necessary condition : from the boundary equations,

5 Pa . pbe”‘
S(—o0,t) = 1—pa, and S(+o00,t) = | (1 — pp)e
pa—1/2 pp—1/2
2 2 w 1,
= 5(—00).5(0) = St conserved

= The transform only works at constant w
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Setting
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w-dependence

Conclusion

Hydrodynamics and w

w-dependence for the SSEP : Boundary conditions

e Express p, p for (pa, pp, A) from (u, i) for p, = pp = 1/2 at the
same w :

, = (efﬂ sh /\+‘2’7" — sh /\7;7") (ue/‘ sh “+" —(1—p)s ”;")
sh ush§
eﬁ B eﬂ(l o eu+v) — el + ev

eﬁ(e)\/2 _ eu+v7)\/2) + ev—A/2 _ qutA/2

where p, = (e“chu—1)/(e* = 1), pp = (e Vchu—1)/(e™* - 1)
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w-dependence for the SSEP : Boundary conditions

e Express p, p for (pa, pp, A) from (u, i) for p, = pp = 1/2 at the
same w :

, = (efﬂ sh /\“2’7" — sh /\7;7") (ue" sh “+" —(1—p)s ”;")
sh ushi
5 eﬂ(l o eu+v) — el 4+ v
e =

eﬁ(e)\/2 _ eu+v7)\/2) + ev—A/2 _ qutA/2

where p, = (e“chu—1)/(e* = 1), pp = (e Vchu—1)/(e™* - 1)
= Only need to calculate for p, = p, = 1/2
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e Other models : invariances, explicit expressions..?



Invariances and
large deviations
of the current for
the SSEP on Z

A. Gerschenfeld

The SSEP

Discrete mode
Hydrodynamics

Conclusion

Conclusion

Discrete models
e SSEP : w invariance, resolution of the Bethe Ansatz

e Other models : invariances, explicit expressions..?

Hydrodynamic theory

e SSEP : all initial conditions are related

e But one still needs to solve at least one...
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o Discrete models
AT e SSEP : w invariance, resolution of the Bethe Ansatz

Conclusion
e Other models : invariances, explicit expressions..?

Hydrodynamic theory

SSEP : all initial conditions are related
But one still needs to solve at least one...

General diffusive system : a fluctuation theorem, but no
invariances or large deviation functionnals

Possibly generalize the distribution’s decay :

3
P[Q; ~ Q] < exp [—acz_]
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